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It is shown that density-of-states fluctuations, which can be interpreted as the order-parameter
susceptibility χOP in a Fermi liquid, are anomalously strong as a result of the existence of Goldstone
modes and associated strong fluctuations. In a 2-d system with a long-range Coulomb interaction, a
suitably defined χOP diverges as 1/T
2 as a function of temperature in the limit of small wavenumber
and frequency. In contrast, standard statistics suggest χOP = O(T ), a discrepancy of three powers
of T . The reasons behind this surprising prediction, as well as ways to observe it, are discussed.
PACS numbers: 73.40.Gk, 71.20.-b
The ordered phase in a classical Heisenberg ferromag-
net can be understood as a stable fixed point (FP) in
a renormalization-group (RG) framework [1, 2]. Anal-
ogously, the Fermi-liquid (FL) state in a many-electron
system can be understood as an ordered state. This no-
tion was pioneered by Wegner in the context of disor-
dered systems [3]. More recently it was realized that the
principle behind it is much more general and powerful,
and can be applied to clean FLs as well [4, 5]. An im-
portant feature of the resulting effective field theory [5]
is that it integrates out all massive degrees of freedom
to arrive at an effective soft-mode theory that allows for
a RG analysis [6]. As we will show in this Letter, it
allows in particular for an analysis of the FL FP, asso-
ciated corrections to scaling, and the scaling behavior
of various observables. Within this framework, the or-
der parameter (OP) is the density of states (DOS) [7],
the field conjugate to the OP is a frequency-dependent
chemical potential, and the spontaneously broken con-
tinuous symmetry is a rotational symmetry in frequency
space that can be understood as the symmetry between
retarded and advanced degrees of freedom. These quan-
tities are analogous to the magnetization, the magnetic
field, and the spin-rotational symmetry, respectively, in
a ferromagnet. The resulting Goldstone modes are the
soft particle-hole excitations, i.e., four-fermion correla-
tion functions that mix advanced and retarded degrees of
freedom. Their frequency ω scales linearly with the wave
number k, and they are responsible, inter alia, for the
characteristic |ω|/k dependence of the Lindhard function
[8]. They correspond to the magnons in the ferromag-
netic analogy; however, in contrast to magnons they are
soft only at zero temperature (T = 0).
Let us recall the behavior of the DOS in a FL as a func-
tion of the frequency ω (or the energy distance from the
Fermi surface). We will focus on two-dimensional (2-d)
systems, and will consider both a long-ranged Coulomb
interaction and a short-ranged interaction. Results for
general dimensions d > 1 will be reported elsewhere [9].
For a Coulomb interaction, it is known that the DOS in
d = 2 is a nonanalytic function of ω, namely,
N(ω) = 2NF (1 + a |ω|/ǫF) + o(ω) (1)
Here NF is the DOS per spin at the Fermi level ǫF, and
a is a coefficient of O(1). o(ω) denotes terms that vanish
faster than linearly for ω → 0. This result has been
derived within many-body perturbation theory, which
yields a weak-coupling value for a, viz., a = 1/4 [10–12].
As we will show below, the soft-mode theory developed in
Ref. 5 establishes the |ω| as the exact leading frequency
dependence, which is something that perturbation the-
ory cannot achieve. Technically, we will show that the
frequency correction in Eq. (1) is the leading correction
to scaling at the FL FP. For the prefactor, to leading
order in a loop expansion we recover the result from per-
turbation theory, a = 1/4; this will acquire corrections
if one goes to higher-loop order. The linear frequency
dependence is also consistent with simple scaling con-
siderations, which predict N(ω) − NF ∝ |ω|d−1 [5], and
it constitutes a pseudogap as originally defined by Mott
[13]. It is worth noting that this pseudogap is an intrinsic
feature of any 2-d Fermi liquid. It has been observed in
high-mobility tunnel junctions [14].
Given these results, the behavior of the OP suscepti-
bility is of great interest. This quantity is an important
measure of the strength of fluctuations in the ordered
phase, which provides a measure of the likelihood that
the ordered phase will become unstable as a function of
a suitable parameter. In the case of the classical Heisen-
berg ferromagnet, the OP susceptibility is the magnetic
susceptibility χm = ∂m/∂h. As a function of the wave
number k, the longitudinal component of χm diverges for
k → 0 for all dimensions d < 4: χm,L(k) ∝ 1/k4−d [15].
This reflects the strong fluctuations in the ordered phase
due to the existence of magnons that couple to the OP.
It is then natural to ask whether an analogous suscep-
tibility exists in the FL, and what its behavior at small
wave numbers and frequencies is.
To answer this question, we represent the DOS as
N(ω) = Re G(x = 0, iωn → ω + i0)/π (2)
2in terms of the exact Green’s function
G(x = 0, iωn) = 〈ρ(x, iωn)〉 , (3)
with ρ(x, iωn) = ψ¯n(x)ψn(x) in terms of fermion fields
ψ¯n(x) and ψn(x) that depend on a fermionic Matsubara
frequency ωn = 2πT (n+ 1/2), (n = 0,±1, . . .) [16]. We
suppress the spin degree of freedom, which is not impor-
tant for our purposes. The temporal Fourier transform
is defined as
ψn(x) = T
1/2
∫ 1/T
0
dτ eiωnτ ψ(x, τ) , (4)
with τ the imaginary-time variable. Now we con-
sider the spatial Fourier transform ρ(k, iωn) =∫
dx e−ik·x ρ(x, iωn), and the fluctuation δρ = ρ − 〈ρ〉,
and define a correlation function
χOP(k, iωn) = 〈δρ(k, iωn) δρ(−k, iωn)〉 . (5)
χOP is the OP susceptibility of interest. It describes both
the response of the OP (i.e., the DOS) to its conjugate
field, and its spontaneous fluctuations. The former is re-
lated to the latter by the fluctuation-dissipation theorem.
We first use simple statistical arguments to determine
the behavior of χOP one would expect in the absence of
anomalous fluctuations. This will also make a general
point that will be important later. Consider ϕn(x) =
ψn(x)/
√
T , and define the “volume” VT ≡ 1/T in the
imaginary-time direction of the space-time of quantum
statistical mechanics. Then 〈pn(x)〉 ≡ 〈ϕ¯n(x)ϕn(x)〉 ∝
VT is a “time-extensive” quantity that is proportional
to VT ≡ 1/T . Now consider the relative fluctuation
〈(δpn(x))2〉/〈pn(x)〉2 ∝ VT /V 2T = 1/VT = T . This just
says that the relative fluctuation is proportional to 1/VT ,
as one would expect from ordinary statistics. This yields
an estimate for the fluctuations of ρ:
〈(δρn(x, iωn))2〉 ∝ 〈(δpn)
2〉
V 2T
∝ 〈(δpn)
2〉/V 2T
(〈pn〉/VT )2 ∝ 1/VT = T .
(6)
These arguments assume that there are no strong fluc-
tuations in the system that invalidate the simple statis-
tics. Independent of this assumption, however, they show
that 〈(δρn(x, iωn))2〉, and hence χOP, must carry a fac-
tor of T = 1/VT that is the inverse linear extension of
the imaginary-time axis. We thus have
χOP(k, iωn;T ) = T θ(k, iωn;T ) . (7)
In the absence of anomalous fluctuations, θ will scale as
the zeroth power of the wave number, the frequency, or
the temperature; i.e., θ ∼ 1.
The last conclusion is not correct in an actual FL. To
see this, we first give a phenomenological scaling argu-
ment; later we show how to derive scaling from the ef-
fective field theory of Ref. 5. We first consider a short-
ranged interaction, in which case there is only one dy-
namical scaling exponent z = 1. This reflects the fact
that in the Goldstone modes of the FL, the frequency
scales as the wave number, ω ∼ k. The DOS correction
δN = N − 2NF, which is the scaling part of the OP den-
sity, is dimensionally an inverse volume times an inverse
energy. In d = 2, and with z = 1, it thus is expected
to scale as an inverse length. The scaling assumption
therefore is that δN obeys the homogeneity law
δN(T ) = b−1 δN(Tb) . (8)
This immediately yields δN(T ) ∝ T , in agreement with
Eq. (1). To obtain the behavior of the OP susceptibility,
we remember that the field h conjugate to the OP is a
generalized chemical potential, which has a scale dimen-
sion [h] = z. Adding h as an argument of δN in Eq. (8),
differentiating with respect to h, and adding the wave
number argument yields for χOP = ∂ δN/∂h
χOP(T, k) = χOP(Tb, kb) = fχ(T/k) , (9)
with fχ a scaling function. If we combine this with the
conclusion from Eq. (7) that χOP must be proportional
to T for fundamental quantum statistical reasons, we find
χOP(T, k) ∝
{
T/k for T → 0 at fixed k
T/T = O(1) for k → 0 at fixed T .
(10)
This result is not consistent with the naive statistical
arguments given above: If the DOS were normally dis-
tributed, we would have χOP ∝ 1/VT and θ ∼ 1. In-
stead, we see that the quantity θ in Eq. (7) scales as
θ ∼ 1/k ∼ 1/T , and χOP ∼ 1. This divergence of the rel-
ative DOS fluctuations reflects the strong fluctuations in
the system that are a consequence of the existence of the
Goldstone modes. As we will see below, a long-ranged
Coulomb interaction further amplifies these effects.
Before we turn to the case of a Coulomb interaction, let
us show how these results can be derived without invok-
ing a scaling assumption, by performing a RG analysis
of the effective field theory of Ref. 5. We note that even
though the FL FP is not a critical FP, it nevertheless dis-
plays scale invariance due to the existence of Goldstone
modes. Therefore, very useful results for the entire FL
phase can be obtained from very simple RG arguments.
The theory is formulated in term of a soft matrix field
qnm(k) [17, 18], which encodes the soft components of
bilinear fermion fields ψ¯nψm, viz., those products with
nm < 0. Their softness is guaranteed by a Ward identity.
The effective action A takes the form of an expansion in
powers of q, see Eqs. (4.51) in Ref. 5. In a symbolic
notation that shows only quantities that carry a scale
dimension, viz., the fields qnm(k) ≡ q, and factors of
volume V , wave number k, and frequency ω (which we
do not need to distinguish from factors of temperature
3for our purposes), it takes the form
A = 1
V
∑
k,ω
[k + ω + γω] q2 +
c3
V 2
∑
{k,ω}
[ω +O(ω3)] q3
+
c4
V 3
∑
{k,ω}
[k + ω + ω2/k +O(ω3)] q4 +O(q5). (11)
Here the sums are over the appropriate sets of wave
vectors and frequencies, and the powers of k and ω in
each term follow from the behavior of the convolutions
of Green’s functions that make up the vertices of the
theory in the limit of long wavelengths and small fre-
quencies, see Ref. 5. As mentioned above, ω can stand
for either frequency or temperature, and γ represents the
interaction amplitude. c3 and c4 are schematic coupling
constants; c3 ∝ γ. We now determine the FP action
that describes the FL. We use Ma’s method of choos-
ing scale dimensions for all relevant quantities and then
showing self-consistently that these choices lead to a sta-
ble FP [2]. We assign a scale dimension [k] = 1 to wave
numbers, and [ω] = 1 to frequencies (i.e., we choose a dy-
namical exponent z = 1). The latter choice reflects the
linear dispersion relation of the soft modes, see the first
term in Eq. (11), which in a FL we do not expect to be
changed by renormalization. We further do not expect
the power of wave number (or frequency) in the Gaussian
vertex to be renormalized, and therefore assign a scale di-
mension [q(k)] = −(d+ 1)/2 and [q(x)] = −(d− 1)/2 to
the field as a function of k and x, respectively (i.e., we
choose the exponent η to be zero.) With these choices,
the q2 term in Eq. (11) is dimensionless; in particular,
[γ] = 0. For the cubic term we have [c3] = −(d − 1)/2,
for the quartic one, [c4] = −(d− 1), etc. Each additional
power of q reduces the scale dimension of the correspond-
ing coupling constant by −(d − 1)/2. The FP action is
thus given by the Gaussian term alone, and all terms of
higher order in q are irrelevant with respect to the FL
FP in all dimensions d > 1. It follows by standard ar-
guments [1] that this remains true order by order in a
loop expansion. All coefficients will in general acquire
finite renormalizations, but the structure of the theory
will not change. An important ingredient in this chain of
arguments is the Ward identity proven in Ref. 5, which
identifies q as a soft mode. This assures that the vertices
in Eq. (11) will remain soft under renormalization.
We now use the above conclusions to determine the
observables we are interested in. Let us first consider the
DOS, Eqs. (2, 3). It is given as an expectation value of
ψ¯nψn, which is a massive mode. However, it couples to
the soft modes and hence can be expressed as a series of
q-correlation functions [19]. Schematically,
N ∼ 1 + 〈q2〉+ 〈q4〉+ . . . (12)
The RG arguments given above guarantee that the lead-
ing contribution to the DOS correction is given by the
term quadratic in q. For the scale dimension of the lead-
ing scaling part of δN this implies [δN ] = 2[q(x)] = d−1.
For d = 2 this yields Eq. (8). By an analogous argument
we find [χOP] = d − 1 − z = d − 2, which for d = 2
yields Eq. (9). We thus have derived scaling from the
field theory via a RG treatment.
In order to determine the correct scaling behavior in
the case of a Coulomb interaction, an explicit calculation
is needed in addition to general arguments because of the
presence of a dangerous irrelevant variable (DIV). This is
analogous to the case of a classical ferromagnet in d > 4,
where one needs to explicitly calculate the equation of
state to understand why hyperscaling breaks down [2].
To study this case, we replace the constant interaction
amplitude γ by the dynamically screened Coulomb po-
tential. In d = 2, the latter has the schematic structure
U(k, iω) =
1
k + κ− κω/vFk√
1+ω2/(vFk)2
≈ 1
uk + κ(vFk)2/ω2
.
(13)
Here κ is the screening wave number, and vF is the Fermi
velocity. The second expression is valid in the limit
vFk ≪ ω, and we have introduced a coupling constant
u whose bare value is equal to 1. In the denominator we
recognize the plasmon excitation, with its characteristic
ω ∼ k1/2 scaling. We also see the well-known fact that
screening breaks down at nonzero frequencies. Counting
powers again, we see that u is irrelevant with scale di-
mension [u] = −1. However, it turns out that u is a DIV
in d = 2 with respect to χOP (but not to the DOS).
To demonstrate this we first calculate the 〈q2〉 term in
Eq. (12), which is the leading contribution to δN . Using
the formalism of Ref. 5 we find that it takes the form
of a frequency-momentum integral over a vertex function
V (k, iω) times U(k, iω). The former has the structure
V (k, iω) = v(ω/vFk)/k
2, with v(x → ∞) ∝ 1/x2. The
integral that represents the DOS correction then has the
structure [20]
δN ∼
∫ Λ
0
dk k
∫ vFΛ
T
dω
1
k2
v(ω/vFk)U(k, iω) , (14)
where Λ is an ultraviolet momentum cutoff. From Eq.
(14) we see by power counting that N(T ) ∝ const. − T ,
in agreement with Eqs. (8), (1). This is true for both
the long-range and the short-range cases (the latter is
recovered by replacing U with a constant); the singular
nature of the screened Coulomb interaction at ω 6= 0 does
not suffice to change the behavior in d = 2 [21].
Now consider the OP susceptibility for d = 2. It follows
from Eq. (5) that χOP is given by an integral analogous
to the one in Eq. (14) with the integrand squared and an
extra factor of T . An external wave number effectively
serves as a lower cutoff on the wave-number integral, and
4we have schematically
χOP(T, k) ∼ T
∫ Λ
k
dp p
∫ vFΛ
T
dω
(
1
p2
v(ω/vFp)U(p, iω)
)2
.
(15)
The prefactor of T is just the trivial “volume” factor 1/VT
discussed in the context of Eqs. (6, 7). In the short-range
case, it is easy to see that Eq. (15) yields Eq. (10) in the
respective limits. In the long-range case, using Eq. (13)
in Eq. (15) it is easy to see that the integral diverges as
1/u3/2 for u→ 0. Restoring the prefactors, we find
χOP(k) =
κ2
90π2
T
T 3
ln(T 2/v2Fκk) (16a)
This result is valid for T 2/vFk ≫ vFκ, and to logarithmic
accuracy. In the opposite limit, we find [22]
χOP(k) ∝ κ
1/2
v3F
T
k3/2
, (16b)
Finally, for T → 0 and nonzero external frequency ω one
finds, to logarithmic accuracy for ω2 ≫ v2Fκk,
χOP(k, iω) =
8
3π2
κ2T
ω3
ln(ω2/v2Fκk) (16c)
We see that the OP susceptibility, normalized to account
for a trivial factor of T , Eq. (7), diverges in the limit of
vanishing wave number k as 1/k3/2, or as 1/T 3 or 1/ω3 in
the limits of vanishing temperature or frequency, respec-
tively. This is a very strong effect; uncorrelated statistics
would lead to a constant for the same quantity. Compar-
ing Eqs. (16b) and (16a, 16c) we see that T or ω scale as
k1/2, which reflects the integral being dominated by the
plasmon time scale. Although the latter is subleading by
power counting, it dominates the scaling due to the DIV
u. Notice that χOP(k → 0) diverges even at a T > 0
since the plasmon, as a density fluctuation governed by
a conservation law, remains soft even at T > 0.
Also of interest is the homogeneous susceptibility in a
finite system of linear dimension L. In that case, k in
Eqs. (16) gets replaced by 1/L [9].
We finally add some comments about the experimental
relevance of the above results. The spectrum of the local
Green’s function, Eq. (3), is what is often referred to as
the local density of states (LDOS) [23, 24]. The LDOS
gives the dominant contribution to the tunneling current
in a scanning tunneling experiment [25]; its spatial av-
erage, which is the DOS, is measured in a classic tunnel
junction. Our OP susceptibility, Eq. (5), describes the
spatially averaged fluctuations of the LDOS. A two-tip
tunneling experiment [23, 26] should be able to give in-
formation about this quantity.
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